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1. Introduction

In 1940 Naimark gave a remarkable example of a closed symmetric operator whose square has trivial
domain (see [19]). In 1983 Chernoff published a short example of a semibounded closed symmetric operator
whose square has trivial domain (see [11]). In the same year Schmiidgen found out another pathological
behaviour of domains of powers of closed symmetric operators related to density with respect to graph
norms (see [21]). It turns out that Naimark’s phenomenon can never happen in some concrete classes of
operators. Among them are the class €O of composition operators in L2-spaces and the class W8 of weighted
shifts on directed trees. The reason for this is that symmetric operators in these classes are automatically
bounded (see [17,8]).
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The class CO has been attracting attention of a considerable number of researchers since at least late
1950’s. We refer the reader to [23] and [7] for more information on bounded and unbounded operators in
the class CO, respectively. The class W8 was introduced in [15] and has been intensively studied since then
(see e.g., [5,16,6,17]). It substantially generalizes the class of (unilateral and bilateral) weighted shifts in
(2-spaces. It is also related to the class of operators investigated by Carlson in [9,10]. Unbounded weighted
shifts on directed trees proved to have very interesting features which make them desirable candidates for
testing hypotheses and constructing examples (see e.g., [15,16,18,4,30]). This is due to the fact that the
interplay between graph theory and operator theory makes the class W8 more flexible.

The above raises the question of whether the square, or a higher power, of an operator in the class
WS or CO has trivial domain. Clearly, such an operator must be nonsymmetric. The question becomes
interesting and highly nontrivial when the operator under consideration is assumed to be subnormal (recall
that symmetric operators are subnormal; see [1, Theorem 1 in Appendix I.2]). One of the reasons for this is
that quasinormal operators which are particular instances of subnormal operators have all powers densely
defined (see [26, Proposition 5]). On the other hand, formally normal operators’ belonging to the class W8
or CO are automatically normal (see [17, Proposition 3.1] and [7, Theorem 9.4]), and as such have all powers
densely defined. Some attempts to tackle our question have been undertaken in [18,3] where the case of
hyponormal operators in both classes W8 and CO was solved. Recently, it has been shown that for every
positive integer n there exists an injective subnormal operator in the class W8 whose nth power is densely
defined while its (n + 1)th power is not; the same is true for CO (see [4]). These examples are built over the
simplest possible directed trees which admit such operators.

In view of the above discussion, the following problem arises (the case of n = 1 appeared already in [18]):

Problem 1.1. Is it true that for every integer n > 1, there exists a subnormal weighted shift on a directed
tree whose nth power is densely defined and the domain of its (n + 1)th power is trivial?

In the present paper we solve Problem 1.1 affirmatively (cf. Theorem 3.1). A similar problem can be
stated for composition operators in L2-spaces. We solve it affirmatively as well (cf. Corollary 3.4).

2. Preliminaries

First, we introduce some notation and terminology. In what follows Z,, N, R} and C stand for the sets
of nonnegative integers, positive integers, nonnegative real numbers and complex numbers, respectively. For
n € N, we denote by N" the n-fold Cartesian product of N with itself. We set J,, = {k € N: k < n} for
n € N. We write B(R ) for the o-algebra of all Borel subsets of R;. Given 9 € Ry, we denote by Py(Ry)
the set of all Borel probability measures on R whose closed supports® are contained in [}, 00), and by Jy
the measure in Py(R,) concentrated on the one-point set {¢} (all measures considered in this paper are
positive). The notation | | is reserved to denote pairwise disjoint union of sets.

For the reader’s convenience, we recall the following standard result of measure theory which will be used
in this paper (see e.g., [20, Theorem 1.29]).

If (X, o, ) is a measure space, f: X — [0,00] is an <7 -measurable function and v
is the measure on & given by v(A) = [, fdu for A e o, then [, gdv = [ gfdu (2.1)
for every o -measurable function g: X — [0, o0].

The following auxiliary lemma concerning moments is stated without proof. Here and later, f;o means
integration over the closed interval [a, 00) on the real line.

1 Formally normal operators are natural generalizations of symmetric operators. In general, they are not subnormal (see [12]).
2 Recall that a finite Borel measure on R4 is regular and as such has a closed support.
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Lemma 2.1. Suppose p is a finite Borel measure on Ry such that fooo s"dp(s) < oo for some n € N. Then
fooo skdp(s) < oo for every k € N such that k < n.

The domain of an operator A in a complex Hilbert space H is denoted by D(A) (all operators considered
in this paper are linear). Recall that a closed densely defined operator A in H is said to be normal if
AA* = A* A, where A* stands for the adjoint of A (see [2,22,31] for more on this class of operators). We say
that a densely defined operator A in H is subnormal if there exists a complex Hilbert space K and a normal
operator N in K such that H C K (isometric embedding), D(A) C D(N) and Ah = Nh for all h € D(A).
We refer the reader to [13] and [25-27,29] for the foundations of the theory of bounded and unbounded
subnormal operators, respectively.

Let 7 = (V,E) be a directed tree, where V and E stand for the sets of vertices and edges of 7,
respectively (V' is assumed always to be nonempty). Set

Chi(u) ={v e V: (u,v) € E}, ueW

Denote by par the partial function from V to V which assigns to a vertex u € V its parent par(u) (i.e., a
unique v € V such that (v,u) € F). A vertex u € V which has no parent is called a root of 7 if it exists, it
is unique and denoted by root. Set V° = V' \ {root} if .7 has a root; otherwise, we put Vo =V. If W C V,
we set Chi(W) = U, ¢y Chi(v), Chi'® (W) = W and Chi ! (W) = Chi(Chi‘™ (W)) for every n € Z. Given
we V, we put Chit™ (u) = Chi"™ ({u}) and Des(u) = >, Chi‘™ (u). Since (Des(u), E N (Des(u) x Des(u)))
is a subtree of .7, we see that Des(u)® = Des(u)\{u} for all u € V. If &’ = (V', E') is another directed tree,
then we say that a mapping ¥: V' — V' is a graph isomorphism if it is a bijection such that (¥ (u), ¥ (v)) € E’
if and only if (u,v) € E for all u,v € V. If this is the case, then the directed trees 7 and 7’ are called
graph isomorphic. We say that 7 is extremal if Chi(u) is countably infinite for every u € V. It is easily
seen that up to graph isomorphism, there are exactly two extremal directed trees, one with root, the other
without.

Denote by ¢2(V) the Hilbert space of square summable complex functions on V with standard inner
product. Given u € V, we write e, for the characteristic function of the one-point set {u}. Clearly, the
system {e, Juev is an orthonormal basis of £2(V). For A = {\, }yeve C C, the operator Sy in £2(V) defined
by

D(Sx) = {f € C(V): Az f € 2(V)},
SAf:Aﬂf, fEfD(S)\),

where A& is the mapping defined on functions f: V — C via

(A7 1)) = {Av Hpert) et
0 if v = root,

is called a weighted shift on 7 with weights X. If V° = &, then Sy is the zero operator on a one-dimensional
Hilbert space. Recall that unilateral or bilateral weighted shifts are instances of weighted shifts on directed
trees. We refer the reader to [15] for basic facts about directed trees and weighted shifts on directed trees
needed in this paper.

Below we state a criterion for subnormality of weighted shifts on countably infinite directed trees. It is
an extension, in a sense, of [5, Theorem 5.1.1] to the case of weighted shifts on directed trees whose C'*
vectors are not necessarily dense in the underlying space. This criterion helps us to solve Problem 1.1.
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Theorem 2.2. (See [4, Theorem 3].) Let Sx be a weighted shift on a countably infinite directed tree 7 = (V, E)
with weights X = {\, foeve. Suppose there exist a family {p, }vev of Borel probability measures on Ry and
a family {e,}vev of nonnegative real numbers such that’

1
pu(AQ) = Z |y |? / gduv(s) +e4,00(4), AeBRy),ueV. (2.2)
v€EChi(u) A

Then the following two assertions hold:

(i) if Sx is densely defined, then Sx is subnormal,
(ii) if n € N, then S} is densely defined if and only if fooo " dpy(s) < oo for every u € V' such that Chi(u)
has at least two vertices.

Remark 2.3. Note that if w € V°, A,, # 0 and the equality in (2.2) holds for u € {w, par(w)}, then &,, = 0.
Indeed, substituting A = {0} into (2.2) with u = par(w), we deduce that p,,({0}) = 0. As a consequence,
we see that (2.2) yields p,, ({0}) = 0 for every v € V° such that A, # 0. Hence, applying the same procedure
to u = w gives €, = 0. This implies that if all the weights {\,: v € V°} are nonzero, then condition (2.2)
takes the following simplified form

1
> [ L) ifueve,

v€Chi(u)
pu(4) = 2 1 A€ B(Ry).
Z |\ |2 / —dpy(8) + €rootdo(4)  if u = root,
v€Chi(root) A 5

The following lemma will be used in the proof of the main theorem.

Lemma 2.4. Let Sy be a weighted shift on a directed tree T = (V, E) with weights A = {\, }yeve and let
n € N. Then the following two conditions are equivalent:

(i) D(SR) = {0},
(if) ey ¢ D(SY) for everyu e V.

Moreover, if there exist a family {{, }vev of Borel probability measures on Ry and a family {,}vev C Ry
which satisfy (2.2), then (1) is equivalent to

(ili) [y~ s"dpu(s) = oo for everyu € V.
Proof. (i)=-(ii) Evident.

(ii)=-(i) Suppose that, contrary to our claim, there exists f € D(S}) such that f # 0. Then f(u) # 0 for
some u € V. In view of [16, Theorem 3.2.2(ii)], this implies that e, € D(SY), a contradiction.

(ii)<(iii) Apply Lemma 2.1 and [5, Lemmata 2.3.1(i) and 4.2.2(i)]. O

3. The main theorem

We begin by recalling that if there exists a weighted shift Sy on a directed tree .77 with nonzero weights
such that

3 We adopt the conventions that 0 - 0o =00 -0 =0, % = oo and Zveg &, =0.
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Sy is densely defined and D(S3) = {0}, (3.1)

then the directed tree .7 is extremal (see [18, Theorem 3.1]). As shown in [18, Theorem 3.1], each extremal
directed tree admits a hyponormal weighted shift Sy with nonzero weights that satisfies (3.1). Hence, to
solve Problem 1.1 affirmatively we may assume that the directed tree in question is extremal.

The following theorem is the main result of the present paper. It solves Problem 1.1 affirmatively. The
proof of Theorem 3.1 is given in Section 4.

Theorem 3.1. Suppose = (V, E) is an extremal directed tree and n € N. Then there exists a subnormal
weighted shift Sx on 7 with nonzero weights such that S% is densely defined and D(S;H) ={0}.

The following simple observation which is related to Problem 1.1 is stated without proof.
Lemma 3.2. If A is an operator such that D(A™) = {0} for some positive integer n, then A is injective.
By Lemma 3.2, the operator Sy in Theorem 3.1 is automatically injective.

Remark 3.3. It is worth mentioning that every weighted shift on a directed tree is closed (see [15, Propo-
sition 3.1.2]). However, it is not true that powers of weighted shifts on directed trees are closed. In fact, it
may happen that the square of an unbounded injective unilateral shift S in ¢2 is bounded (as an operator on
D(S?)) and consequently S? is not closed (see e.g., [24, p. 198]). Indeed, otherwise S2, being bounded and
densely defined, has domain equal to #? and thus the domain of S is equal to /2 as well. Since S is closed,
the closed graph theorem implies that S is bounded, a contradiction. On the other hand, if a subnormal
operator is closed, then all its powers are closed (see [28, Proposition 6]; see also [24, Proposition 5.3]). In
particular, all powers of the operator Sy in Theorem 3.1 are closed.

Theorem 3.1 has a counterpart for composition operators in L2-spaces. Recall that if (X, .o/, u) is a
o-finite measure space and ¢: X — X is a transformation such that ¢=*(A) € & for every A € &/, and
wu(p~1(A)) = 0 for every A € o such that u(A) = 0, then the operator C: L?(u) 2 D(C) — L?(u) given
by

D(C)={ge L*(n): gop € L*(u)} and Cf = f o ¢ for f € D(C)

is well-defined; we call it a composition operator. Composition operators are always closed (see e.g., [7,
Proposition 3.2]), but in general their powers are not (see [7, Example 5.4]). However, if the composition
operator is subnormal, then all its powers are closed.

Corollary 3.4. For every n € N, there exists an unbounded subnormal composition operator C in an L?-space
over a o-finite measure space such that C™ is densely defined and D(C™*1) = {0}.

Proof. Apply Theorem 3.1, [15, Theorem 3.2.1] and [16, Lemma 4.3.1]. O

It is worth mentioning that in view of Lemma 3.2, the operator C' in Corollary 3.4 is automatically
injective. A close inspection of the proofs of Theorem 3.1 and [16, Lemma 4.3.1] reveals that the operator
C in Corollary 3.4 can be built on a discrete measure space. The continuous case can be easily derived from
the discrete one by applying [14, Theorem 2.7].
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4. The proof of the main theorem

Since the proof of the main theorem is quite long, we divide it into several lemmas. To begin with, we
recall the following definition: a Borel measure p on Ry is said to be discrete if there exist a countable
subset A of R4 and a family {«; }+ca of positive real numbers such that p = ZteA 0. The set A, which
is uniquely determined by pu, is denoted by At(p) (if A = @, then u = 0).

For the reader’s convenience, we include the proof of the following result which seems to be folklore (the
idea of the proof comes from [4, Example 1]).

Lemma 4.1. If m € N and A is a countable subset of Ry such that sup A = oo, then there exists a finite
discrete Borel measure i on Ry such that At(p) = A, [;° s™du(s) < oo and [~ s™dpu(s) = co.

Proof. By our assumptions A is countably infinite. Hence there exists a sequence {t;}32; of distinct real
numbers such that A = {t;: j € N}. Since sup,cyt; = oo, there exists a subsequence {t;, }32; of the
sequence {t;}5%, such that ¢;, > k for every k € N. Set 2 = {ji.: k € N}. Clearly, there exists a family
{B;}jem @ of positive real numbers such that

> Bt < (4.1)

JEN\Q2

Define the family {8;};ecq of positive real numbers by

1

Since tj, = k for every k € N, we have

m . m . 1
DB =D Bt =Y 5 <00 (4.2)
jen k=1 k=1

and

oo

— 1
Zﬂjtm+l Zﬁjktmﬂ ; 5> Z - =00 (4.3)

JEN k=1

Combining (4.1), (4.2) and (4.3), we deduce that the measure p := ), a;0; with ay, = 3; for j € N
meets our requirements. This completes the proof. O

Corollary 4.2. If m € N, 9 € Ry and E is a countably infinite subset of Ry, then there exists a finite
discrete Borel measure p on Ry such that At(p) is a countably infinite subset of [9,00), E N At(n) = &,
IS s™du(s) < oo and [;° s™ T du(s) = oo.

Set 2" = Upey Zi, where 2, = |I%_y N/ with N° = {0}.

Lemma 4.3. If n € N and 9 € Ry, then there exists a family {vs}taca2 of finite discrete Borel measures on
R4 such that

(1) {At(vz)}zea are pairwise disjoint countably infinite subsets of [, 00),

(1) Ypens Jo. ¥ dvg(s) < 27F for all k € Z.,
(ili) [y~ ¥ dug(s) = oo for all x € N¥ and all k € Zy .
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Proof. We use an induction argument. First, by Corollary 4.2, there exists a finite discrete Borel measure v
on R, such that At(p) is a countably infinite subset of [J,00), [;° s™dvo(s) < oo and [ s"Tldwy(s) = oo.
The induction step is as follows. Fix k € Z., and suppose we have constructed a family {vg }ze 4, of finite
discrete Borel measures on Ry such that {At(vz)}zec2;, are pairwise disjoint countably infinite subsets of
[9,00),

o0 o

/s””dyw(s) < oo and /sj+"+1d1/w(s) =00 (4.4)

0 0

for all £ € N7 and all j € {0,...,k}. Let ¢4, N — N*T! be any bijection. Applying Corollary 4.2 to
E = |Uyeca, At(vg), we find a finite discrete Borel measure v,, (1) on Ry such that At(v,, (1)) is a countably
infinite subset of [¢,00), At(v,, (1)) N E = @, [;°s"™ldy,, 1)(s) < oo and [;° s" T+ 2dy,, 1)(s) = oo.
Using induction on 4, we obtain a sequence {v,,(;)};2; of finite discrete Borel measures on R, such that
{At(vz)}zec2;,,, are pairwise disjoint countably infinite subsets of [, 00) and (4.4) holds for all & € N/ and
all j € {0,...,k+1}. By induction on k, we then obtain a family {vz}zc2 of finite discrete Borel measures
on R, such that {At(vg)}ec2 are pairwise disjoint countably infinite subsets of [}, 00) and (4.4) holds for
all z € N/ and all j € Z, . Multiplying the measures v, * € 2", by appropriate positive factors if necessary,
we complete the proof. O

From now on, we write (j, ... j, instead of the formal expression ((;, .. j,) whenever (J1,---,Jk) € N* and
k>2.

Lemma 4.4. If n € N and ¢ € [1,00), then there exist a family {2} aca of countably infinite subsets of
[¢¥,00) and a discrete measure v € Py(Ry) such that

(i) At(v) = £,
( ) QO |—|]1 1 le and lev"'vjk = Tnpi= le»---7jk7jk+1 fOT‘ all (jla cee a]k) € Nk and k € N;

Je+1=1
(iii) [q, s*T"dv(s) < 0o and [, ¥ Tdu(s) = oo for allx € N* and k € Z..

Proof. Applying Lemma 4.3, we get a family {vz}zc2 of finite discrete Borel measures on R satisfying
the conditions (i)—(iii) of this lemma. Define the set {2y by

2y = |_| Ap = |_| |_| Ay with Ay = At(vy) for every x € 2. (4.5)

e k=0 &Nk

It is plain that {2 is a countably infinite subset of [}, 00). Set

v= Z Z Vg. (4.6)

k=0 xzeNk

Clearly, v is a discrete Borel measure on Ry satisfying (i). Since £y C [¢#,00) C [1,00), the sequences
{[;° s"dv(s)}2, and {fA s"dug(s)}22,, @ € 2, are non-decreasing. As a consequence of this property
and Lemma 4.3(ii), we have

o.e]

V(R+)2/ s"dv(s Z > /s dvg (s

0 k=0 ZENk

Z Z/ sFF A, (s) < 2. (4.7)

k=0 mENkAm
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This means that the measure v is finite and consequently, by (i), the closed support of v is contained in
[, 00). It follows from Lemma 4.3(iii) that

(4.6)
/S"Hdl/(s) > /S"Hdl/o(s) = 0.

.Q() AO

This and (4.7) show that the inequality and the equality in (iii) hold for = € N and k = 0.
Now we will construct a family {f2;}zc9\no of countably infinite subsets of [,00) and a family
{tz}aca\no C [¥,00) which satisfy the following conditions for all I € N and (ji,...,j1) € N,

2= | ] 0y, (4.8)
=1
lfl 2 2, then le _____ Ji-1 = |_| lew-wjlfl)jl/’ (49)
ji=1
{tj;}37—1 is an injective sequence in Ag such that Ag = {t;;: j; € N}, (4.10)

if { > 2, then {tjl,m,jzfl,j{ }‘]?f’zl is an injective sequence in |_| Az
! rEX 1 (411)
such that {tjhm,jz—l} U Ajl’-~,jz—1 = {tjl,u-,jl—hj{: Jll € N}7

o0

|| VAV MY RO (4.12)

p=1 (jll+1y~~7jll+p)eNp

Eb
&
~—
Q@F
&
——
C
[N
E.
&
C
[ e

Since 2 C Zi41 for every k € N and 2" = |J;—; Zk, we can obtain the required families inductively
by constructing ascending sequences of families {2 }zc 2, \no and {tz}ze 2, \no satisfying the conditions
(4.8)~(4.12) for all I € Ji and (j1,...,751) € N! (clearly, the conditions (4.9) and (4.11) are void for [ = 1).

For the base step (kK = 1), note that since 4Aj is a countably infinite subset of [¢, 00), there exists a
sequence {t;; };?le C [9, 00) which satisfies (4.10). For j; € N, we define the set £2;, by (4.12) with [ = 1.
It follows from (4.5) and (4.10) that £2;,, j1 € N, are well-defined countably infinite subsets of [}, c0) that
satisfy (4.8).

For the induction step, let & be some unspecified positive integer. Suppose we have constructed a fam-
ily {£2z}zca,\no of countably infinite subsets of [},00) and a family {ts}zc2,\n0 € [U,00) such that
(4.8)-(4.12) hold for all I € Jy and (j1,...,5) € NL. Let (j1,...,4k) € N¥. Since A;, , is a countably
infinite subset of [¢#,00), we infer from (4.10) if & = 1, or (4.11) with I = k if & > 2, that there exists a
sequence {tj1,-~71'k7j;’€+1}§2+1=1 C [¥,00) which satisfies (4.11) with [ = k 4 1. For ji41 € N, we define the
set £2j,...j.. by (4.12) with [ = k4 1. It follows from (4.11) with [ = k + 1 that £2;, _j .., jky1 € N,
are well-defined countably infinite subsets of [}, 00) which satisfy (4.9) for [ = k 4 1. This completes the
induction step. Using induction, we obtain the required systems {{z}zc2\no and {£2}zc 2 \no satisfying
(4.8)~(4.12) for all I € N and (ji,...,5) € N4

Clearly, the so constructed family {{2;},c 2 satisfies (i) and (ii). It remains to show that the inequality
and the equality in (iii) hold for all x € N* and k € N. Using (4.12) with [ = k, the conditions (4.5)
and (4.6), the fact that A, C [1,00) for every ¢ € 2 and Lemma 4.3(ii), we see that for all £ € N and

(jla"'ajk) S Nka

n (4.12) = n
/ skHrdy(s) = 5—1—2 Z / sk+ dvj,,. e (8)

D=1 (Jrt1sJk+p) ENP 5



310 P. Budzyriski et al. / J. Math. Anal. Appl. 435 (2016) 302-314

< 5 + i Z / Sk+p+ndl/jl,m7jk+p (S)

= (s -
P=L Ukesdiap)ENPA, 70

1
<5+§<OO,

where

k+n
o=t s v{tj g }) + / s vy, g (s).

Aj1=---:jk

Arguing as above and using Lemma 4.3(iii), we deduce that for all K € N and (ji,...,jx) € N¥,

/ P Ap(s) > / s Y, (s) = oo,

which yields (iii). Hence v is a finite nonzero discrete Borel measure on R satisfying (i) and (iii). Replacing
v by v(R;)~!v if necessary, we complete the proof. 0O

Lemma 4.5. Let 7 = (V, E) be an extremal directed tree. Suppose n € N, ¢ € [1,00) and w € V. Then there
exist systems { Ay }yepes(w)e € (0,00) and { iy }vepes(w) € Po(Ry) such that for every u € Des(w),

1
o (A) = Z A2 / —dpy(s) for every A € B(RL), (4.13)
v€eChi(u) A 5
/s”duu(s) < oo and /S”Hduu(s) = 0. (4.14)
0 0

Proof. Set
Eg ={(0,51): j1 € NFU || {(Grs- -8 Gts v e dit1)) 5 G1s vy dies ks € N
k=1

Note that (27, E) is a directed tree with root 0 (see Fig. 1).

Using induction and the fact that (Des(w), E N (Des(w) x Des(w))) is an extremal directed tree (because
so is 7), we deduce that there exists a family of distinct vertices {£z }zc 2 such that Des(w) = {&,: ¢ € 27}
and

So=w, Chi%o) = {1 € NJ,
Chi&u,. i) = { v hs1 €NJ, REN, (. o) € NE,
Then the mapping &: Des(w) — 2~ defined by
Pz) =2, €T,

is a graph isomorphism. In the rest of the proof we will use this identification.
Let v and {24 }zca be as in Lemma 4.4 (with the same n and ¥). In view of Lemmata 2.1 and 4.4(iii),
we have

0< /SkdI/(S) <oo, weNF EeN (4.15)
25
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Fig. 1. An illustration of the directed tree (27, Eg ).

Set pip = v. Then pg € Py(Ry). For a given k € N and (j1,...,jx) € N¥, we define the Borel measure
Wiy ... g, o0 Ry and Aj, 50 € (0,00) by

J1sees Jk

Aot = o, . skdu(s)
s T D0 k>

According to (4.15), w4y, and A, ;. are well-defined. Since £2;,  ;, C [0, 00), we see that pj, j, €
Po(Ry).

Now, we verify that the conditions (4.13) and (4.14) hold. Fix k € N and u = (ji,...,jx) € N¥. Using
(2.1), we infer from Lemma 4.4(ii) that

k
- 2 1 > fAmle ----- Ik Jk+41 5 dV(S)
Z )\jla<-~7jk7jk+l ;d'ujlv“'vjk’jwrl (S) = Z f sde(S)
Jry1=1 A 1=l Dt
kq
Jang, ., s"dv(s)
= Sk = Hjr,eondn (A)7 Ae %(R'f‘)’

Ja,

shdu(s)

JIEEEREN Ik

which gives (4.13). By (2.1) again and Lemma 4.4(iii), we have

7 Jo,,._, s mdvs)

nd s . = < ?
s"dug, ... 5. (5) [ skdu(s) >
0 A REEE Ik
0o hnt
/Sn+1d . . (S) = an ’’’’’ ik s dV(S) (o]
i, g fQ Skdy(s) ’
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which means that (4.14) holds. Finally, arguing as above and using Lemma 4.4(i), we can verify that if
u =0, then (4.13) and (4.14) hold as well. This completes the proof. O

Lemma 4.6. Let 7 = (V,E) be an extremal directed tree, w € V°, z = par(w) and n € N. Suppose that
{ A toepes@ye € (0,00) and {jty }vepes(wy € P1(Ry) satisfy (4. 13) and (4.14) for every u € Des(w). Then

there exist {\y}vepes(z)o\Des(w)e S (0,00) and {fty fvepes(z)\Des(w) S P1(Ry) such that {\,}yepesz)> and
{10 Y vepes(z) satisfy (4.13) and (4.14) for all u € Des(x).

Proof. By assumption, there exists a sequence {w;}32, of distinct vertices such that Chi(x) = {w;: j € Z}
and wg = w. Note that

Des(x)° \ Des(w)® = {w} U || Des(w;).
Des(x) \ Des(w) = {a} Li|_ | Des(uw;). (4.16)
j=1

Set 9o = 1 and take a sequence {;}32, C [1,00) such that
— 1
> — (4.17)
- 19J
Jj=1

Applying Lemma 4.5, we see that for each j € N there exist {\, }yepes(uw;)e € (0,00) and {j1y fyepes(w;) €
Py, (Ry) which satisfy (4.13) and (4.14) for all u € Des(w;). Define the sequence {S\wj }320 € (0,00) by

< 1
A =

\/ﬁj Jo© s b, (s)

) jEZJr‘

By (4.14) and Lemma 2.1, the quantities :\w]., J € Zy, are well-defined. Noting that {s.,; };‘;0 C P1(Ry),
we get

oo ool S > q _117)
:Z:(:J)\?U /Sd'uwj(s)gzﬁ fo s lde Zﬁ_

j=0 j=0 "7

and ¢ > 0. Set A, = S\wj/\/z for j € Z, and define the measure p, € P1(R4) by
- 1
A)=> A% /gdﬂwj(s), AcBRy).
j=0 A

ClearIYa with such {)‘v}UEDes(ac)O\Des(w)0 - (Oa OO) and {:U'U}UEDes(x)\Des(w) CP (R+) (Cf (4']6))a the systems
{ Mo toepeseye and {jiy }oepes(z) satisfy (4.13) for all u € Des(x). It remains to prove that (4.14) holds for
u = x. For this, note that by (2.1), we have

oo

. 1S, [ e
/s dp(s) = EZ)\ij/s 1duw1
' 0

0 J=0

1«
qu—

J\l»—l

and
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o0 1 00 R oo
/SnJrlde( ) == Z >\12u] /Sndﬂw] (s)
0 = 0

where (x) follows from the fact that the closed support of ji,,, is contained in [0}, 00) for every j € Z, . This
completes the proof. O

Remark 4.7. Regarding the proof of Lemma 4.6, it is worth pointing out that we can define the sequence
{Aw; 1520 € (0, 00) using a more general formula

~ 1
Aw, =
\/5j Jo s tdpw, (s)
where {0,152, C (0,00) and {;}32, C [1,00) are such that

1 o ¥
Yo =1, Z;<oo and Zﬁzoo.
j=0"7 j=0 "7

) jEZ-'ra

The final stage of the proof of Theorem 3.1. If 7 has a root, then we can apply Lemma 4.5 (with w = root
and ¥ = 1) and then Lemma 2.4 and Theorem 2.2.

Now assume that the directed tree .7 is rootless. Take wy € V and note that V' = U;io Des(par’ (wp)) (see
(15, Proposition 2.1.6]). Applying induction and Lemma 4.6 successively to w = par’(wy), we get systems
{ A }vev C (0,00) and {uy }vev € P1(R4) which satisfy (4.13) and (4.14) for all u € V. Finally, employing
Lemma 2.4 and Theorem 2.2 completes the proof. 0O
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